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Summary

In this dissertation we develop generally applicable validated numerical methods
for the computation of invariant objects in differential equations. This includes the
validated computation of periodic orbits, (un)stable manifolds and connecting or-
bits in nonlinear ODEs, as well as the validation of solutions of parabolic semilinear
PDEs. The techniques developed in this dissertation are all based on Chebyshev
approximations, which constitute a non-periodic analog of Fourier cosine approx-
imations, and parameterized Newton-Kantorovich methods. A brief introduction
into the field of validated numerical methods and a general outline of the main
ideas used in this dissertation are given in Chapter 1.

In Chapter 2 we present a rigorous numerical method for validating analytic
solutions of nonlinear ODEs by using Chebyshev series and domain decomposition.
The idea is to define a Newton-like map, whose fixed points correspond to solu-
tions of the ODE, on the space of geometrically decaying Chebyshev coefficients,
and to use the so-called radii-polynomial approach to prove that the map has an
isolated fixed point in a small neighborhood of a numerical approximation. The
novelty of the proposed method is the use of Chebyshev series in combination with
domain decomposition. In particular, a heuristic procedure based on the theory of
Chebyshev approximations for analytic functions is presented to construct efficient
grids for validating solutions of boundary value problems.

In Chapter 3 we present a computer-assisted procedure for proving the ex-
istence of transverse heteroclinic orbits connecting hyperbolic equilibria of poly-
nomial vectorfields. The idea is to compute high-order Taylor approximations of
local charts on the (un)stable manifolds by using the parameterization method
and to use Chebyshev series to parameterize the orbit in between. The existence
of a heteroclinic orbit can then be established by setting up an appropriate fixed-
point problem amenable to computer-assisted analysis. The novelty of the pro-
posed method is that the (un)stable manifolds and connecting orbit in between
are validated simultaneously.

Finally, in Chapter 4 we present a computer-assisted procedure for validating
solutions of (scalar) semilinear parabolic PDEs, which can be extended period-
ically in space. The main idea is to recast the problem into an equivalent zero
finding problem on a space of time dependent Fourier coefficients with geometric
decay by using the variation of constants formula. We construct a finite dimen-
sional reduction of the zero finding problem by approximating the dynamics of



a finite number of Fourier coefficients with the aid of Chebyshev interpolation in
time. Numerical simulation and analysis on paper are then combined to set up an
equivalent fixed point problem by constructing a Newton-like map. Finally, a finite
number of inequalities are derived, which (if satisfied) prove that the Newton-like
map is a contraction in a small neighborhood of the numerical approximation.
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